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curve is a complete series upon that curve. So far the definitions and propositions refer to curves in a plane; the question is in order whether they can be transferred to systems of curves lying upon curved surfaces.
First, it is noticed that by means of a linear system of curves the plane may be related point for point to a surface in space of three or more dimensions.* If the system is i-fold infinite, Jc + 2 members of the system can be related arbitrarily to Jc + 2 hyper-planes in space of A-dimensions. Take k = 3 for ease ; then a curve of the system
Ulfl + Vi + W3/3 + Ujt = 0
may be assigned to a plane (ul:u2:u3:u4} in ordinary space. Curves through one point become then planes through one point, and the oo2 points of the plane become the oo2 points of some algebraic surface F. All such surfaces are called rational. Similarly a linear family of curves triply infinite upon any surface relate that surface point for point to another surface in threefold space, linear systems of curves in one giving rise to linear systems upon the other, and the transformed system will lack fundamental or base points. The value of such project!vely related pictures of a linear system of curves was first emphasized by C. Segre.
Secondly, there are surfaces not rational. For example, there are irrational ruled surfaces. But for many purposes, ruled surfaces and rational surfaces are classed together and constitute, with their equivalents, a small, indeed an exceptional, class in the vast field of algebraic surfaces. Planes are also regular surfaces, that is, they have their geometrical and numerical (or arithmetical) deficiencies equal, as will be explained directly. On regular surfaces, most of the theorems upon linear systems of curves on rational surfaces retain their validity; not so on the irregular. New characters crop out in the systems of curves, characters which indicate the nature of the surface. But the linearity of a system
* Exceptional cases are discussed by Enriques : " Ricerche di geometria sulle superficie algebriche," Torino Memorie, ser. 2, vol. 44 (1893), p. 178.plane linear system is complete, then the characteristic series on each
